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Abstract
We present a path integral representation for massless spin one-
half particles. It is shown that this gives us a super–symmetric, P−
and T−non–invariant pseudoclassical model for relativistic massless
spinning particles. Dirac quantization of this model is considered.
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1
I. Introduction
In this letter we derive a path integral representation for the propagator
of massless spin−1
2
particles(Weyl particles). They can be described in terms
of a two-component spinor field Ψ(x) satisfying Weyl equation,
ı
∂
∂t
Ψ(x) = −ı σ · ∇Ψ(x) (1)
where σ are Pauli matrices satisfying {σi, σj} = 2δij (i = 1, 2, 3). Path
integral representation for the propagator of massive spinning particles in
3 + 1-dimensions has been derived in [1] where Dirac propagator has been
presented as a path integral of an exponent of the pseudoclassical action for
the relativistic spinning particle [2]. Path integral for the odd-dimensional
case has been proposed in [4]. It has been on the even (in γ-matrices) form
of Dirac operator. It was shown recently [11] that a similar path integral
can be constructed for the even-dimensional case also. In reference [3] the
transition amplitude for massless spinning particles with N extended super-
symmetries has been calculated using the BRST-BFV technique. For N = 1
feynman propagator for massless particles pµγµ/p
2 has been obtained. It is a
Green function for Dirac operator, but does not satisfy Weyl condition. The
path integral quantization of a pseudoclassical model for massless spinning
particles considered in [5] yields the Feynman propagator pµγµ(1 − γ
5)/p2.
This is a covariant expression; however, one encounters ordering problems.
The trick used in [1], in order to make Dirac operator homogeneous in the
γ-matrices does not work here, and the formal operator quantization of the
model( following Dirac [6] ) leads to the equation ı ∂µγ
µ(γ5−α)Ψ(x) = 0 for
state vectors, which is not equivalent to the set consisting of Dirac equation
ı ∂µγ
µΨ(x) = 0 and Weyl condition (γ5 − α)Ψ(x) = 0 , α = ±1 . On the
other hand, we can derive Dirac equation and the Weyl condition from the
operator ( Dirac and canonical [9] ) quantization of the pseudoclassical model
proposed in [7]. So, the problem of the path integral representation for Weyl
propagator is important at least for two reasons: such a representation allows
us to derive a pseudoclassical action of a relativistic spinning particles asso-
ciated with the propagator of the correspondent quantum field theory and,
second, it fills the gap in the path integral quantization of pseudoclassical
mechanics.
2
II. Path integral representation
According to eq(1), the weyl propagator Sc(x, y) satisfy the equation,
(ı
∂
∂t
+ ı σ · ∇)Sc(x, y) = −δ4(x− y) (2)
and Feynman assymptotic conditions . As is well known, the theory is not
P−invariant. As will be shown this is related with projector for the helic-
ity, that can be presented as a pseudo quantity. Following Schwinger [8],
the causal Green function Sc(x, y) can be presented as a matrix element
Sc(x, y) =< x|Sˆc|y > of an operator Sˆc[8] in some Hilbert space, where
eigenvectors|x >of the self-conjugated coordinate operators Xµ form a com-
plete set,
Xµ|x >= xµ|x >,
< x|y >= δ4(x− y),
∫
dx |x >< x| = I.
The operator Sˆc satisfies the equation,
(Pˆ0 − σ
iPˆ i)Sˆc = I, (3)
where Pµ is the operator canonically conjugated to X
µ,
< x|Pµ|y >= −ı ∂µδ
4(x− y), Pµ|p >= pµ|p >,
∫
dp |p >< p| = I, (4)
[Pˆµ, Xˆ
ν ]
−
= −ı δνµ, < p|p
′ >= δ4(p− p′), (5)
and Pˆ µ = ηµνPˆν , η
µν = diag(1,−1,−1,−1). The equation (2) is then con-
sidered to be a matrix element of the operator equation (Pˆ 0−σ · Pˆ)Sˆc = −I,
then
3
Sˆc = −
P 0 + σ ·P
PµP µ
≡ −
Fˆ+
Fˆ−Fˆ+
where Fˆ± = P
0 ± σ ·P .
The σ matrix can be express as (σk = − ı
2
ǫkijσiσj) so, this can be consid-
ered as Bose-type operator. Using the Schwinger proper-time representation
for an inverse operator 1
Fˆ
−
Fˆ+
[1] and an additional representation of the op-
erator Fˆ+ , by means of a Gaussian integral over two Grassmann variables
κ1 e κ2 with the involution property (κ1)
+ = κ2 [4], we can write
Sˆc = −
P 0 + σ ·P
PµP µ
= ı
∫
∞
0
dλ
∫
dκ eı [λ(Fˆ−Fˆ++ıǫ)+κFˆ+] (6)
where κ = κ1κ2 , dκ = dκ1dκ2.
Thus, we get for the propagator
Sˆc(xout, xin) = ı
∫
∞
0
dλ
∫
dκ < xout|e
−ıHˆ(λ,κ)|xin > (7)
where Hˆ(λ, κ) = λP 2 − κ(P 0 + σ ·P) . Similarly to [1], the matrix element
in (7) can be presented by means of a path integral ( taking into account the
Weyl-ordering procedure for operators) was
Sˆc(xout, xin) = ıexp(ıγ
µ ∂l
∂Θµ
)
∫
∞
0
dλ0
∫
dκ0
∫
λ0
Dλ
∫
κ0
Dκ×
×
∫ xout
xin
Dx
∫
Dp
∫
Dπ
∫
D̺
∫
ψ(0)+ψ(1)=θ
Dψ ×
× exp
{
ı
∫ 1
0
[
λP 2 + κ(− 2ıǫjklP jΨkΨl + P 0) + (8)
− ıψµψ˙
µ + pµx˙
µ + πλ˙+ ̺κ˙
]
dτ + ψµ(1)ψ
µ(0) } |θ=0
where P µ = −pµ , x(τ) , λ(τ) and π(τ) are even and ̺1(τ) , ̺2(τ), κ1(τ) ,
κ2(τ) and ψ(τ) are odd trajectories, obeying the boundary conditions x(0) =
xin, x(1) = xout , λ(0) = λ0 , κ(0) = κ0 , ψ(0)+ψ(1) = θ (θ
µ are odd variables
anticommuting with σ-matrices) and the following notations are used
4
κ = κ1κ2 , ̺κ˙ = ̺1κ˙1 + ̺2κ˙2
dκ = dκ1dκ2 , Dκ = Dκ1Dκ2 , D̺ = D̺1D̺2
Introducing the four vector kµ = (k, 0, 0, 0) and the σ0-matrix where σ0 =
diag(1, 1); integrating over momenta and making the substitution e = 2λ ,
we get the path integral in the Lagrangian form
Sˆc = ıexp(ıσµ
∂l
∂θµ
)
∫
∞
0
de0
∫
dχ0
∫
dκ0
∫
e0
M(e)De×
×
∫
κ0
Dκ
∫ xout
xin
Dx
∫
Dp
∫
Dπ
∫
D̺
∫
ψ(0)+ψ(1)=θ
Dψ ×
× exp
{
ı
∫ 1
0
[
−
1
2e
(x˙µ + ıǫµνρικνψρψι +
1
2
κµ)2 + (9)
− ıψµψ˙
µ + π
e˙
2
+ ̺µ
κ˙µ
2
]
dτ + ψµ(1)ψ
µ(0) } |θ=0
where
M(e) =
∫
Dp exp
{
ı
2
∫ 1
0
ep2dτ
}
and SeGF =
∫ 1
0 π
e˙
2
dτ , SκGF =
∫ 1
0 ̺µ
κ˙µ
2
dτ are gauge fixing terms.
III. Dirac Quantization
Consider now the Diarc quantization[6,9] of the action which appears in
the exponent of the eqaution (9). Without the gauge fixing terms we have
S =
∫ 1
0
[
−
1
2e
(x˙µ + ıǫµνρικνψρψι +
α
2
κµ)2 − ıψµψ˙
µ
]
dτ (10)
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There are three types of gauge transformations under which this action is
invariant: reparametrization δxµ = x˙µξ , δe = d
dτ
(eξ), δκµ = d
dτ
(κµξ), δψµ =
ψ˙µξ , with an even parameter ξ(τ) ; supertransformation, δxµ = ıψµǫ, δκµ =
0, δψµ = 1
2e
zµǫ, zµ = x˙µ + ıǫµνρςκνψρψς +
1
2
κµ, with an odd parameter ǫ(τ);
and the gauge transformation δe = 0, δκµ = d
dτ
(κµφ), δψµ = 1
e
ǫµνρςκνzρψςφ,
δxµ = −(ǫµνρςκνψρψς+
α
2
κµ)φ , with an even parameter φ(τ) . The equations
of motions have the form,
δS
δxµ
=
d
dτ
[
1
e
zµ
]
= 0
δS
δe
=
1
2e2
z2 = 0
δS
δκµ
= −
1
e
zν
[
ıǫνµρςψ
ρψς −
ıα
2
ηµν
]
= 0 (11)
δrS
δχ
=
ı
e
zµψ
µ = 0
δrS
δψµ
= 2ψ˙µ −
1
e
zρ(ηµρχ− 2ǫµρνςκ
νψς) = 0
Going over to the Hamiltonian formulation, we introduce the canonical
momenta: pµ =
∂L
∂x˙µ
= −1
e
zµ, Pe =
∂L
∂e˙
= 0, Pψµ =
∂rL
∂ψ˙µ
= −ıψµ, Pκµ =
∂L
∂κ˙µ
=
0, and follow of this the primary constraints Φ
(1)
1 = Pe, Φ
(1)
2µ = Pµ + ıψµ,
Φ
(1)
3µ = Pκµ. The total Hamiltonian H
(1) = H + λAΦ
(1)
A , can be constructed
according to the standard procedure which gives
H = −
e
2
p2 + ı(ǫνµρςp
µψρψς +
ıα
2
pν)κ
ν (12)
From the conditions of the conservation of the primary constraints in
time τ , Φ˙(1) =
{
Φ(1), H(1)
}
= 0 , we find the set of independent secondery
constraints Φ
(2)
1 = p
2 , Φ
(2)
2µ = Tµ = ǫµνρςp
νψρψς + ı1
2
pµ, and determine λ
, which correspond to the primary constraint Φ
(2)
1 . One can go over from
the initial set of independent constraints (Φ(1),Φ(2)) to the equivalent one
6
(Φ(1), Φ˜(2)), where Φ˜(2) = Φ(2)|
ψ→ψ˜=ψ+ ı
2
Φ
(1)
2
. The new set of constraints can be
explicitly divided in a set of first-class constraints, which are (Φ
(1)
1 ,Φ
(1)
3 , Φ˜
(2))
and in a set of second-class constraints , Φ
(1)
2 .
Let consider the Dirac quantization of the action(10) where the second-
class constraints Φ
(1)
2 define the Dirac brackets and commutation relations. It
is necessary to remember that the quadrivector κµ = (1, 0, 0, 0) was defined
in one particular referencial frame so, this meant that the set of second-class
constraint Φ
(1)
2 has in fact only the three constraint Φ
(1)
2i Φ
(1)
2j Φ
(1)
2k . The first-
class constraints, being applied to the state vectors, define the physical states.
For essential operators and non zeroth commutators we have [xˆµ, pˆν ]− =
ı {xµ, pν}D(Φ(1)2 )
= ıδµν ,
[
ψˆi, ψˆj
]
+
= ı {ψi, ψj}
D(Φ
(1)
2 )
= 1
2
δij . It is possible to
construct a realization of these commutation relation in a Hilbert space R
whose elements Ψ are 2-components columns. Then ψˆi = 1
2
σi, xˆµ = xµI, pˆµ =
−ı∂µ . Using the primary first-class constraints operators Φˆ
(1)
1,3 in this way, one
can see that physical vectors are only functions on x. The operators of the
secondary first-class constraints Φˆ(2), being applied to the state vectors, give
the equations pˆ2Ψ(x) = 0, pˆµγ
µΨ(x) = 0, Tˆ0Ψ(x) = 0, pˆ
0Ψ(x) = σ · pˆΨ(x),
which are just the Dirac equation for massless particles and Weyl condition.
The canonical quantization(with gauge fixing [9] can also be done and give
the same quantum mechanics.
IV. Conclusions
In this paper, we have presented the path integral formulation for weyl
particle propagator with the help of the helicity of the bosonic-type operator.
The pseudoclassical action (10) also has been derivated. it is shown that a
general formula for an operator Sˆc = − Fˆ
Fˆ 2
Cˆ can be written in the form
(6), where Fˆ is the fermionic operator, Fˆ 2 is the bosonic one and , Cˆ is a
bosonic-type operator( of an even degree in the γ-matrices).
The pseudoclassical action (10) is not a Lorentz covariant since κµ is a
time-like four-vector; however their quantization leads to the Lorentz co-
variant quantum mechanical model which is equivalent to the theory of weyl
particles. On the other hand, the quantization of the Lorentz covariant pseu-
doclassical action (10) (with the four-vector κµ 6= (κ, 0, 0, 0) leads to the same
Lorentz covariant quantum mechanics of Weyl particles, but , in this case,
7
not all constraints Tˆµ = pµT/p
0 are independent[10]
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